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Abstract 
Some old and new constructions of free categories with good properties (regularity, exact- 
ness, etc.) are investigated, consistently showing their role in proof theory and in realizability 
theory, and in particular in the construction of the “effective topos” of M. Hyland. The subject 
of “small complete categories” is discussed, with a proposed new definition of what “complete” 
should mean for a full reflective subcategory of a topos. 
0. Introduction 
The following is a report based on a series of seminars I gave in April ‘92 at the 
Institut de MathCmatique Pure et AppliquCe de Wniversitt Catholique de Louvain. 
I was asked to give an exposition of the effective topos, and I decided to follow the 
description given in [ 111. There is only one other description after the original one [S] 
of Hyland, and is the one in [Z], which also appears in [7]. In fact, the descriptions in 
[2] and in [l l] are essentially the same (see Section 6, where their precise relationship 
is explained), but the one in [l l] seems to be more basic, since it describes the effective 
topos as a free construction on a category simpler than the one used in [2], where it 
also appears as a free construction. In any case, the idea pursued in both papers is 
that, to understand a quite problematic construction like that of the effective topos, 
one should look for some universal property that the construction may enjoy. 
In this note, I systematically pursue the project of investigating the construction of 
the effective topos by means of free constructions, and I take the opportunity to revisit 
such constructions and to investigate the properties of interest in applications to proof 
theory, which to my knowledge have never been published. 
The most relevant free construction I discuss here is the one of the exact completion 
ofa Eeft exact category. Since Ref. [l], where it first appeared following a suggestion of 
A. Joyal, I discovered an obvious extension of the construction, nevertheless having 
a remarkably wide range of basic applications in Algebra, Topology and Algebraic 
Topology, beyond those to Realizability and Proof Theory discussed in this paper, 
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which I will discuss in a forthcoming paper. What I really mean here is that the 
effective topos construction is not an ad hoc one, but is a further example of a very 
basic construction, which is pervasive in Mathematics. The only mystery is why such 
a construction applied to a simple category defined starting with partial recursive 
functions turns out to give a topos; but this is again the virtue of having good 
enumerations of partial recursive functions. 
Another free construction discussed here is the one of the regular completion of a 1eJt 
exact category, whose logical meaning is the free addition of the existential operator to 
a lex theory, and which to my knowledge has not appeared yet in the literature. Also 
this construction can be extended and applied to a wide range of situations. Due to the 
importance of such constructions, I shall spend some time explaining them on the 
basis of the Theory of Relations (see Section 7) rather than only giving the explicit 
description. 
The paper is not intended to be exhaustive on the subject of the effective topos, but 
the aim is only to suggest a more categorical approach than those already existing in 
the literature. Much remains to be done to explain how much of the more subtle 
properties of the effective topos can be accounted for in terms of the categorical 
properties envisaged in this paper. In particular, the matter in the last two sections is 
only briefly summarized, and certainly needs a better understanding, but I am 
convinced that it provides an insight to the subject of “small complete categories” 
useful for further investigations, which will be carried out in a paper in preparation by 
R. Chinnici. Proofs are often only sketched, but I hope enough details are given so 
that a scrupulous reader can complete them. 
The paper is organized as follows: Section 1: An example: the effective topos. 
Section 2: The exact completion of a lex category. Section 3: Back to the effective 
topos. Section 4: Free constructions and proof theory. Section 5: More on free 
constructions: the regular completion of a lex category. Section 6: Closing up the 
circle: the exact completion of a regular category. Section 7: Relational descriptions of 
the regular completion and of the exact completion. Section 8: A universal property of 
the effective topos. Section 9: Small and complete categories. Section 10: Discrete 
objects. 
1. An example: the effective topos 
Our goal is to construct a “Universe of Sets and Functions” with a natural number 
object N, such that “every function N + N is recursive”, at least in the external sense 
that the monoid of the endomaps of N is the set of recursive function on the ordinary 
set N of natural numbers. We also hope to find there an example of a small, complete 
and non-posetal category in which to model polymorphism, as explained in [9]. Of 
course we know that there is no such in ordinary sets, at least for cardinality reasons; 
hence we have to change sets, and we start with some simple-minded remarks: since 
N = &,, *, it is clear that we have to change sums, and destroy the old ones; but we 
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would like to do it in a minimal way in order to reach the goal in the least destructive 
way. So the tautology “N = EN *” and the minimality requirement ell us that we 
should define new objects as countable families 
(xi)iel E N 
of non-empty sets, I being an arbitrary subsets of N. But now, what about maps? In 
sets, a map 
is then a map cp :N + I and a family {x, : * -+ XoCn)} of elements indexed by N. It is 
then clear that, if we want to reach the goal, we should put a severe restriction on maps 
between our new objects: a map 
(xihsl E N x (Yj)jcJzN 
between new objects should be a pair 
cp:I -+ J, f= {f;lxi + Yq7(i)}itl, 
where cp is induced by the restriction of a partial recursive function @ : N + N, which 
precisely means: there exists a partial recursive function @ such that if n E I, then Q(n) 
is defined and Q(n) = cp(n) E J. In this way we get a category 9 builded up from Set 
and the small category R of subsets of N and partial recursive functions between them, 
which trivially has the desired property! In fact, one can easily check that the constant 
family N = ( *)N is a natural number object in 9 and trivially, by construction, 
F( N, lV) = {recursive functions N + N > .
Notice that we have a full embedding Set -+ 9 sending each non-empty set X to the 
family (X), whose only member is X, and the empty set in the empty family, and that 
in this embedding the natural number object has changed radically. 
The obvious question to ask now is: how good is this category as a “universe” in 
which to develop mathematics? Using very little about partial recursive functions one 
shows easily that B is a category withfinite limits and with disjoint and universalfinite 
sums; so, quite enough as far as Cartesian logic is concerned. Yet, some basic construc- 
tins are not available, notably the construction of good quotients of equioalence 
relations, which precisely means that 9 is not an exact category. We recall that an 
exact category is a category with finite limits (a “lex” category) such that 
(a) quotients of effective equivalence relations ( = kernel pairs) exist; 
(b) in a pullback square 
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if p is a regular epi ( = coequalizer), then q is; 
(c) every equivalence relation is effective. 
Also recall that a lex category satisfying (a) and (b) only is called a regular category. 
Functors between regular or exact categories are called exact, when they are lex and 
preserve regular epis. 
So, the idea is to take the exact completion (%)ex,,ex of %, meaning the value of the 
left biadjoint to the forgetful 2-functor 
( ) W./h 
LEX I EX 
< 
from the 2-category EX of exact categories and exact functors to the 2-category LEX 
of lex categories and lex functors. Certainly such a biadjoint exists for general reasons, 
so that we can define 
93 = (%L,h 
and the surprise is that this is the end of the story, because we can prove: 
Theorem 1.1. .!A? is a topos with as natural number object N, and 
B( N, N ) = {recursive functions N -+ N) . 
W can be identiJied with the “efictive topos” [8]. 
Clearly, to prove the theorem we have to use an explicit description of the exact 
completion of a lex category, and this is what will come next, after a few remarks 
which will be useful to prove the stated properties of %. First observe that an object of 
% is nothing but a surjective map 
X=CXi 
I 
ioI 
P 
I 
where I c N is an arbitrary 
square 
J X-Y 
I I 
P 
I I 
4 
cp 
I-J 
subset of N, and that an arrow is then a commutative 
such that cp is induced by a partial recursive function @ : N + N. Notice that, given f, 
then cp is unique since p is surjectioe. It is now easy to see that the terminal object in 
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9 is given by the identity 
and that the natural number object N is given by the identity 
N 
1 I 
N 
the zero element and the successor being 
0 
*-N * +N 
For, if 
*- x&x x 
I p(x) pl q ! 
*. I I 
is an endomap in .9 equipped with a “point” x, there exists a unique h : N + X such 
that hs =fh and h(0) = x; but, since q(ph) = (ph) s and p( h(0)) = p(x), then ph is also 
defined by recursion, hence is recursive. 
As for products, we have to consider the “pairing” isomorphism N x NAN: if 
X Y 
I I ’ and ’ 
I J 
are two objects of 9, first define K = rr(Z x J) E N, then the product is: 
XXY 
Pxq 
I 
IxJ 
I 
K 
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Finally equalizers: if 
f 
x:y 
9 
P 
I I 
4 
I -5J 
are two parallel pair of maps in %, then consider the equalizer E AX off and g, and 
factor pe as it: 
f 
E-X-Y 
4 lp : Iq 
K-!-I-J 
clearly t is surjective and i is recursive, since it is the restriction of the identity N + N, 
and the subsets of N are arbitrary. The universal property with respect to surjectiue 
functions Z + H is now easy. Also, note that % has an initial object, the identity of 
the empty set, and that the embedding Set L* % preserves it. 
Finally, a quite mysterious remark whose content will be investigated in Section 10. 
In the same way as we defined %, we can define Set/R as the category having as 
objects arbitrary functions 
and the same maps as %. We can repeat everything, so that Set/R is lex and has 
a natural number object. 
Set/R is nothing but the glueing of the embedding R- Set, and the difference 
is that equalizers in Set/R are different from equalizers in % or, in other words, 
the embedding %-Set/R is not left exact. Notice that the natural number 
object N in Set/R is the same as in % and that Set/R(N, N) is the set of 
recursive functions on N, so that we could have taken Set/R to reach our goal 
instead of %, but for the fact that (%)+iex is a topos, whereas (Set/R),,,,,, is 
not a topos (see Section 10). It is worth noticing that the canonical embedding 
Set L-* Set/R given by X H (X), for all X does not preserve the initial 
object, whereas the one Set- % does. Also, observe that % is coreflective in 
SetlR. 
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2. The exact completion of a lex category 
If & is a lex category, the exact completion (8) ex,lex can be described as follows. 
Objects are “pseudo-equivalence relations”, i.e. internal graphs 
do d, II 
x0 
(not necessarily jointly manic), which are reflexive, i.e. there exists X02X1 such 
that dOp = 1 = drp, symmetric, i.e. there exists Xi --% Xi such that &a = di and 
dia = do and transitiue, i.e. there exists a map Xi *Xi A Xi, where Xi *Xi is the 
pullback 
such that dOz = dope, drz = dip,. 
We should think of an object as an “equivalence relation”, but for the requirement 
that the pair (do, di ) is jointly manic. Of course in this case the structural arrows p, CT, 
r are not necessarily unique. 
Arrows 
are equivalence classes of arrows X0 SY, for which there exists an arrow 
fi :X1 -+ Yi such that the two squares commute 
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f 
two such arrows X - 
O-z-+ 
Y. being declared equivalent if there exists a map 
C: X0 + Y1 such that doC =f, drC = g: 
AY 1 
diid> 11 C d, d, 
x0 : yo 
9 
Observe that the role of the structural arrows p, 0, r is exactly to show that the 
above relation is in fact an equivalence relation, and that, in a lex category 8, the 
existence of such maps is equivalent o the requirement hat given the graph 
do 4 II 
then, for all objects U, then relation induced on the horn-set b( U, X0) by the image of 
&‘( U, di) is an equivalence relation. The idea behind the above definition of arrows is 
that, if we think that the objects are equivalence relations, then the arrows are those in 
d that would induce a map on the quotients if they exist, two such being equivalent if 
they would induce the same map. 
Rather than giving a formal proof that the above definition gives rise to an exact 
category which is in fact that the free one (a proof that one can find in [l], or in 
Section 7, where using the theory of relations I will give a different proof from that in 
[l]), I would prefer to describe particular properties of this construction, which are 
not all contained in the quoted paper. First observe that there is a full embedding, 
given by the discrete graph: 
X 
y(X)= t II ] 
X 
Lemma 2.1. Let B be a lex category, and 
Y 
d-I ex/lex = 8 
be the exact completion. Then: 
(i) every object of& is (regular) projective in 8; 
(ii) every object of d is a quotient of a projective; 
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(iii) the projectioes in 8 are (isomorphic to) the objects of 8; 
(iv) a lex category 8 is an exact category if and only if the embedding y in the exact 
completion has a left exact left adjoint; 
(v) y is lex and, if 8’ is an exact category, then y is exact @the axiom of choice holds 
in d iffy is an equivalence; 
(vi) $SX! is an exact category, then d is the exact completion (necessarily) of the full 
subcategory CT& of the regular projectives ifs9$, is closed under finite limits in d and 
every object of d is a quotient of a projective (“~4 has enough projectives”). 
Proof. The key to the proof of the lemma is the construction of the regular epi-mono 
factorization in 65 if 
xi --L Yi 
is a morphism in 8, first consider the pullback 
I 7 l Y, 
<fOJi > C&d,) 
c 
xoxXoJ%Yo~ Yo 
and notice that since fdi = difi, there exists a unique t : X1 -+ I such thatfit = di and 
f = fi; the factorization is now -i 
t 
dO&-[i ’ d j yd, 
x0- x0- Y, 
Cl1 Cfl 
It is now easy to characterize regular epis in 6 and to prove (i)-(v). Property (vi) is 
more illuminating: if d is an exact category and ~9’~ is the full subcategory of 
projectives, which is assumed to be lex, then we can form (9d)ex,lex and we can define 
a functor by the universal property (9d),,,,e_ 4 d extending the lex inclusion 
9&c- &; k is defined as follows: if 
do d, II 
PO 
is an object of (9’d)ex,lex, then the image of 
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in ZZI is an equivalence relation on go, and we can take a quotient 
. 
Easily one has that k is full and faithful. The condition that d has enough projectives 
is precisely the condition that k is essentially surjective. 0 
The following lemma is crucial for many applications: it describes the properties 
which are preserved by the exact completion of a left exact category. 
Lemma 2.2. Let E be a lex category and &A 4’ex,lex = 8 be the exact completion. 
(i) if d has disjoint and universal (finite) sums, then so does 8, and it is the pretopos 
completion of d (“pretopos” = exact category with disjoint and universal finite sums); 
(ii) if 6 is additive, then so is 8, and it is the abelian completion of 6’; 
(iii) if d has a natural number object, then so does 8, and y preserves it; 
(iv) if d is (locaZly) Cartesian closed, then so is 8. 
Proof. Properties (i) and (ii) are easy to prove. As for condition (iii), we have to show 
that if (N, s, 0) is a natural number object in 6, then 
0 
*- NAN 
4)’ o :u’ s :I1 
is a natural number object in 8. Given an endomap with a point in 8 
* -x1 Lx, -xl 
certainly there exists a unique map NAX1 such that trs = fitI and 
fditl = difitl = ditls and dot10 = d,t,O, by uniqueness we have dot1 = 
get a map in d 
t1 
N - X1 
N - X0 
Ctl 
t,O = xl; since 
dltl = t; so we 
such that [f ] [t] = [t] [s] and [t] [o] = [xl. As for uniqueness, write t - g for any 
two maps t, g : N + X0 when (t,g) factors through (do, dI ); if NL X, is another 
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map such that dog1 = dIgI = g, g(0) - t(O), and fg - gs, we need to show that g - t. 
Consider the pullback 
and since tsi -fti -fgi - gsi, there exists a unique Y -% Y such that si = i/I. Since 
also 0 factors through Y as i(O’), there exists a unique N -% Y such that y(O) = 0’ and 
ys = By. Since iys = $y = siy, it follows iy = 1. Hence, (do,dI )ay = (d*cc,d,ol)y = 
(ti,gi)-p = (t,g)iy = (t,g), which proves g - t. 
(iv) Using the characterization in Lemma 2.l(iv), let us show that if d is an exact 
category with enough projectives, such that the full subcategory of projectives 9’ is 
closed under finite limits and is locally Cartesian closed, then so is d. Let us only show 
that is Cartesian closed, since the general statement can be proved essentially in the 
same way, using the same kind of constructions we use for Cartesian closedness. Let 
X and Y two objects of d and let p : P + X and q : Q + Y be two projective covers of 
X and Y. Let 
41 
P, + P and Q, ; Q PO 40 
be two projective covers of the kernel pairs of p and q, respectively. Using that 9’ has 
finite limits and is Cartesian closed we can construct the object T of 9d which 
internalizes the maps P + Q which are compatible with the pseudo-equivalence 
relations on P and Q. Then, we can construct on T the pseudo-equivalence r lation 
in 9& 
T, -+ T 
‘0 
which identifies the compatible maps when they have equivalent values, and finally we 
can take the coequalizer in d of this last pseudo-equivalence r lation. It is not hard 
now to show that this coequalizer has in d the universal property of the exponential 
Yx, first testing with projectives, and then observing that for this kind of properties, 
projectives are enough. 0 
An interesting remark is that if 6 has a subobject classijier, then 8 does not 
necessarily have one; hence, if 8’ is a topos, the most one can say about &is that it is 
a locally Cartesian closed pretopos. To see this, let us first describe the poset of 
subobjects in 8. For our purposes it will be enough to calculate the subjects in 8, For 
our purposes it will be enough to calculate the subobjects in 6 of an object X of 8. 
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Given any map U LX, the kernel pair will produce an arrow in 8 
Ker(f) -X 
which by the description of the factorization given in Lemma 1 is a mono in &?I Given 
any other map VA X, we have [g] c [f] in biff there exists a map r/A U such that 
t v-u 
\J 9 f 
X 
So, it is not hard now to see that 
sub&y(X)) = (83) = order reflection of J/X. 
The remark is now that, if d is locally small, then 8 is locally small, which is obvious 
if we look at the construction. So, if we have a topos d such that 2 is not small, then 
8cannot be a topos, since d = SubAl). Such a topos is provided by the topos Set’ of 
graphs, as pointed out to me by F.W. Lawvere. 
3. Back to the effective topos 
Lemma 2.2 tells us that the exact completion (9)ex,lex of the category 9 of 
countable families of non-empty sets with recursively indexed families of maps 
between them is a pretopos with a natural number object N. Also, since the natural 
number object is preserved by the full and faithful embedding 9 + (P)ex,lex, we 
know that the set of maps N + RJ is the set of recursive maps. As for seeing that 
6% = (F))e.,lex is a topos, the discussion at the end of the last lemma tells us a necessary 
condition, namely, that the order reflection of any slice of 9 should be small; in fact it 
is, and more, we can show that W has a subobject classifier Sz. The idea is first to 
consider the pseudo-equivalence relation X + P(N) x P(N) on the set P(N) of 
subsets of N, where X is 
WJ~ ti V, V - U ) 1 cp, I,+ induced by p.r.f.'s} , 
then internalize such a pseudo-equivalence r lation in B using an effective enumer- 
ation 
NL Par(N) 
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of the countable set Par(N) of partial recursive functions: consider the set 
d={(U,V,(n,m))~U~V, AU} 
and define 52 as the following pseudo-equivalence r lation in 9: 
where I is the image of the map 
R--+NxN-N. 
n 
The details of the proof that Q so defined is the subobject classifier in B can be found 
in [l 11. The full proof that 99 is a topos is only a slight modification of the proof of the 
existence of the subobject classifier. We should point out that precisely in this proof 
there is a use of the axiom of choice in Set, which seems to be unavoidable. 
4. Free constructions and proof theory 
There is another important free construction which has many applications and 
illuminates also the construction of the effective topos, namely, the left biadjoint to the 
forgetful 2-functor 
Fam 
, 
CAT I SUM 
< 
from the 2-category SUM of categories with (finite) sums to CAT; it is the construc- 
tion of the category Fam(%‘) of families of objects of a category $9. Fam(V) has: 
objects (Xi)iE, families of objects of %7 indexed by a (finite) set I; 
arrows 
are pairs cp :I -+ J a function, and f = { fi : Xi + Ypci)}isl a family of arrows of %? as 
described. 
The proof that Fam(%?) has sum is quite obvious. The universal property follows 
from Lemma 4.1(i). Let V 5 Fam(%) be the functor T(X) = (X),; r is full and 
faithful. 
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Lemma 4.1. (i) Indecomposables in Fam(‘%) are precisely the objects of %T and every 
object in Fam(%) is a sum of indecomposables. 
(ii) If %? is lex, then so is Fam(%Y), and sums are disjoint and universal. 
(iii) If V is (locally) Cartesian closed, then so is Fam(Q?). 
(iv) Zf %? is a topos, then Fum(V?) is a topos. 
The proof is quite easy, but a very instructive exercise, which I can leave for the 
pleasure of the readers. We rather discuss a couple of consequences: the first one 
illuminates the idea behind the construction of the effective topos, and the second one 
illustrates the application to proof theory. We only point out that if 59 has a natural 
number object, then the construction Fam(%‘) completely destroys it. 
By Lemma 4.l(ii), since Fam(%?), which we now write VZ, is lex, we can take the 
exact completion (VZ)_,iex and the result is: 
Corollary. If %3 is a small lex category, then (Wz)ex,lex is equivalent to the presheaf topos 
Set’“‘. 
Proof. By Lemma 2.2(i), the category (@E)ex,lex satisfies all the conditions of Giraud 
theorem characterizing Grothendieck toposes, including a small set of generators, 
since %? is small. But, since generators are projectives and indecomposables by the 
previous lemmas, it must be the presheaf topos Set’@“. 0 
So the idea behind the construction of the effective topos is to “mimic” the 
above construction of the presheaf topos, but for the fact that the starting category 
is no longer small being Set. However, by reducing the first part of the construction 
by adding as few sums to Set as we can and in a “controlled way”, we have as 
a gift that we still produce a topos after taking the exact completion. Of course, 
B does not enjoy any longer the universal property of freely adding countable sums 
to Set (see Section 8 for an investigation of the universal property of F), but 
notice that we can still show that 9 has finite disjoint and universal sums, so that 
by Lemma 2.2(i), the category (5Qlex is a pretopos. Notice also that the category of 
sets appears as the category of projective indecomposables in the effective topos. We 
can ask ourselves which other properties of presheaf toposes are true also in the 
effective topos, due to the resemblance of the two constructions. A remarkable 
property of presheaf toposes is that the Heyting algebras of subobjects is also anti 
Heyting; I leave to the reader the pleasure to discover if the same is true in the effective 
topos. 
Another application of the free constructions discussed so far is to proof theory. 
Recall that the basic principle of “geometric logic” is that theories are (small) categories 
with particular properties (regular, pretopos, locally Cartesian closed, topos, . . . ) and 
models in the same kind of categories are functors which preserve these properties. In 
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this identification, the so-called existence property 
I= jxA(x) 
there exists a such that + A(a) 
and disjunction property 
+AvB 
l=Aor +B 
for free theories are expressed as “the terminal is projective and indecomposable”. 
P. Freyd gave a very elegant proof of this property as follows: let cc4 be a logical 
category (regular, .. . , topos), and consider the comma category 
Glu( r) = (Set J r) 
of the global section functor d &Set; a routine verification shows that 
(a) Glu( r) belongs to the same class as d, since Set belongs to all classes of logical 
categories; 
(b) the terminal object in Glu(T) is projective and indecomposable, since such is 
the case in Set; 
(c) there also exists a logical functor 
Now, if ~2 is free, then there exists a logical functor 
which, again by freeness, exhibits d as a reflective subcategory of Glu(T). Then the 
terminal in d must be projective and indecomposable. 
The only defect of this proof is that it uses the category of sets; a proof theorist 
would like to have a set “set-free proof”. But then, one can check that in the finitary 
(i.e. adding only finite sums) pretopos completion 
which is a purely syntactical construction, the terminal is in fact projective and 
indecomposable, and in fact all objects of d are such. So, one can repeat Freyd’s proof 
using Y instead of r, and the proof will work for those classes of logical categories 
d for which the pretopos completion belongs to the same class. In particular, the set-free 
proof will work for locally Cartesian closed pretoposes, using Lemma 2.2(iv). 
Unfortunately, the set-free proof of existence and disjunction properties will not 
work for the free topos, since the exact completion of a topos may not be a topos in 
general. An open problem is to characterize the class of toposes for which the exact 
completion is given a topos. For such a class of toposes, the set-free proof of the 
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existence and disjunction property applies, and one can investigate whether free 
toposes belong to this class. So far, we can say only that the set free proof of the 
disjunction property works for the free topos, since by Lemma 4.l(iv), the finite sum 
completion of a topos is again a topos. 
As for high-order theories with natural number object, and in particular, for locally 
Cartesian closed pretoposes with natural number object ( = “Martin-Lof type the- 
ories”), one should use only the exact completion over lex to prove the existence 
property, since the natural number object is destroyed adding sums and this will show 
the existence property not only for the terminal object, but also for many other types, 
like N, NN, N x N” etc. However, a standard argument shows that in the presence of 
a natural number object N, the existence property implies the disjunction property. 
5. More on free constructions: the regular completion of a lex category 
The left biadjoint to the forgetful 2-functor 
( kwei 
, 
LEX I REG 
t 
from the %-category REG of regular categories to the one of lex categories can be 
described as follows. If d is a lex category, define the category (c?)~_,,~~ as the one 
having 
objects, arrows of & 
arrows 
X u 
f 
Cl1 
I I 
---+C! 
Y V 
equivalence classes of arrows 1: X + U such that glfO = g/f1 (where fO, fi are the 
structural maps of the kernel off), with two such arrows 1 and m equivalent if gl = gm. 
The proof that (c$~,,,_~ so defined is a lex category is not hard, and if [ 11 is a map as 
above, the quotient of its kernel pair is easily seen to be 
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so that the regular epi-mono factorization of [I] is 
The following lemma yields the required universal property. 
Lemma 5.1. Let 8 be a lex category and 8 + ( &‘)reg,lex be the regular completion of&‘. 
(i) The regular projectiues of &reg,lex are the objects of 8, up to isomorphisms. 
(ii) greglkx has enough projectives and every object is embedded in a projective. 
(iii) A regular category d is the regular completion (necessarily of its full category 
9’d of the regular projectives of d) if and only ifPd is closed under finite limits in ~2, 
d has enough projectives and every object of d can be embedded in a projective. 
The proof is a routine verification; we observe only that property (ii) is given by the 
following diagram: 
A A B 
Starting with a lex category 8, we can now perform both the regular and the exact 
completions; by the universal property there is an essentially unique exact functor “Ker” 
d reg/lex -8 Ker ex/ lex 
commuting with the inclusions from 8, which is a full embedding. An obvious question 
to ask is when this exact full embedding has left adjoint s 
S 
c 
8 reg/lex 1 ~ex,lex 
+ 
whose existence is clearly only a property of d itself. A necessary and sufficient 
condition is: 
Definition 5.1. A lex category 6’ is quasi-efSectiue if for each pseudo-equivalence 
relation 
Xl 
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there exists a map X0 L X such that fd, =fd, and, if X0 L Y is another map with 
g& = gdi, then gfO = gfi, wherejO andfi are the structural maps of the kernel off: 
If d is quasi-effective, then the map fis not necessarily unique, but any two maps 
enjoying the same property are isomorphic as objects ofthe regular completion of &, so that 
X1 
s 11 =f 
0 X0 
can be made into a functor c?~~,,_ S’C!?~~~,,_, which is easily seen to be left adjoint to 
Ker. As for the converse, if the adjoint s exists, then with a bit of effort one can show 
that the counit can always be assumed to have the form 
Xi - Ker(f) 
The universal property then gives the claimed property off: 
When the adjoint s exists, one can check that the counit is epi; also recall that when 
8 has disjoint and universal sums, then by Lemma 2.2 the exact completion of E is 
a pretopos. Hence, when B has disjoint and universal sums, then by the results of [4] 
the functor s exhibits Bregllex as the category of separated objects for a (unique) 
topology on gex,iex if and only if it preserves products and monomorphisms. As far as the 
example of the effective topos is concerned, even without knowing that (P&i_ is 
a pretopos, we will know that it contains the regular completion of 9 as the category 
of separated objects for a unique topology, as one can check that the reflector 
preserves products and mono: indeed, if 
d, 
Xl&X0 4 
I I II 6,zo 6, 
is a pseudo-equivalence r lation in 9, let X0 &Y be the coequalizer of do, d, in Set. 
Then the map 
f X0-Y 
I I 
II- * 
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of 9 is easily seen to be the one required for quasi-effectiveness. We can now show 
that the reflector preserves products and mono, and we can also compute the 
topology induced on (3Q,rex by the reflection 6 and we can identify it as that of the 
double negation. Also, knowing that (Qx,tex is a topos, we will know at this point 
that (9&,tex is a quasi-topos. 
Finally, recall that Set is rejective in 9 
Set I 9 
, 
and that the reflection is a lexfunctor, so that by applying the 2-functor ( )ex,lex to the 
previous adjunction, we still get a reflection 
< 
Set ex/lex -L (~)ex, lex 
* 
Since by Lemma 2.l(iv) Set is reflective in the exact completion, we get that Set is 
reflective in the effective topos, and that the reflection is lex, so that it appears as 
a topos of sheaves for a (unique) topology on the effective topos, and one can check 
that this topology is precisely the one for which the category of separated objects is 
(F)reg,lex. 
6. Closing up the circle: the exact completion of a regular category 
The category (Wreg,~ex already appeared in the literature; in [2] (and [7]) the 
effective topos is described as follows: first consider the category d of “assemblies”, 
whose 
objects are sequences {Y, G Y}nsN, and 
arrows {Y, c Y}neNA{Zn c Z}noN are functions f:U Y,,- UZ, for which 
there exists a partial recursive function Qi : N + N such that if x E Y,, then Q(n) is 
defined and f(x) E ZbCn). 
The result is that d is a regular category and that the exact completion .d_,,,_ of the 
regular category _CCI is a topos, which is in fact (equivalent o) the effective topos. The 
exact completion used there is the left biadjoint to the forgetful 2-functor (which is 
full 1 
( )e./rsK 
, 
REG I EX 
- 
from the 2-category of exact categories to the one of regular categories, and can be 
described as follows, using the fact that in a regular category d one can define the 
(ordered) bicategory of relations and then show the usual properties: 
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objects are pairs (X, E), where E is an equivalence relation on X, and 
arrows (X, E) -% (Y, F) are relations R E X x Y such that R”R E E, RR” c F, 
RE c R and FR E R, where R” denotes the converse of a relation and juxtaposition of 
relations denotes their composite. 
As for the proof that the above definition gives the exact completion of a regular 
category, one can see [S] or [7]. We only remark that this construction is idempotent, 
and that a regular category 8 is exact if and only if the unit q:Q -+ J?+_ is an 
equivalence, an adjoint inverse being given by coequalizers. 
Since biadjoints compose, another proof of the theorem contained in [2] can now 
be given by observing: 
Lemma 6.1. There exists an equivalence 
Proof. Representing a typical object of (F)reg,lex as 
f 
X-Y 
P 
I I 
4 
I--LJ 
define O(f, cp) as the sequence 
w cp), =_I-@ l(n)) c y. 
If [r] is a typical arrow of @Qeg,iex, then [I] defines a unique arrow 
O[ll: @(A cp)- @kLY), 
due to the description of finite limits in 9. Clearly 0 extends to a full and faithful 
functor, which is also essentially surjective: indeed, given an object { Y, E Y}nsN of @‘, 
if Y # 8, consider the object of (ZQeg,iex 
f CY,-----+ Y 
I I 
I-* 
where Z={nlY,,#@} GN and f is the unique map induced by the inclusions 
Y, C Y; clearly O(f,*)A{ Y, c Y}neN. •i 
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7. Relational descriptions of the regular completion and of the exact completion 
The two constructions of the regular completion and of the exact completion of 
a lex category have an enlightening description in terms of the theory of relations, as 
exposed in [S] and [7], to which I will freely refer. If d is only a lex category, we can 
certainly define (binary) relations, but we cannot compose them. So, we are looking at 
an extension of d where we can compose relations or, in other words, we are trying to 
define a “bicategory of relations” out of the lex category E. But for a lex d there is 
always a canonical bicategory associated with it, namely, the bicategory Span(b) of 
spans: 
objects are those of &; 
horn-categories Span(b)(X, Y) are the comma categories 6/X x Y; 
composition of l-cells is given by pullback. 
Now, the point is that by taking the order rejection of each horn-category &/X x Y 
we get a locally ordered bicategory B(d), which satisfies all the axioms of a bicategory 
of relations in the terminology of [S], or of a unitary, pretubular allegory in the 
terminology of [7]. So, according to the characterization theorems proved in [7], for 
B( 8) to be the bicategory of relations on a regular category, the only missing property 
is that coreflexives (which always can be proved to be idempotent) have a splitting 
(“functional completeness”, in the terminology of [SJ). So, denoting by Cor(B(b)) the 
splitting of the idemptotents given by coreflexives, then the category Map( Cor(B( a))) 
of maps ( = l-cells with a right adjoint) is a regular category, which clearly is the 
regular completion of d, and with a bit of effort one can show that it coincides with the 
description given in Section 5. It could be useful to observe that taking maps before 
splitting the coreflexives will only give 6 back. 
As for the exact completion, since the characterizing property of the category of 
relations of an exact category is that reflective and symmetric idempotents ( = equiva- 
lence relations) split, then denoting by Eq(B(b)) the splitting of that class, one can 
easily see that all axioms for being a bicategory of relations on an exact category are 
satisfied, including the splitting ofcoreflexiues. This last property follows from the fact 
that in B(b), half of the functional completeness axiom holds: for each corejexive 
A c 1, there exists a map fsuch that fs” = A. It is a general fact about bicategories of 
relations, or about unitary, pretabular allegories, that if half of the functional com- 
pleteness axiom holds, then in the splitting of equivalence relations the entire axiom 
holds. So, Map(Eq(B(d))) is an exact category which clearly has the universal 
property, and coincides with the description given in Section 2. 
8. A universal property of the effective topos 
From the description of the effective topos as 93 = (9)+iex, it is clear that the 
universal property of the construction will be determined once the one of 9 is. As for 
this last, first observe that the category Set/R (see the remarks at the end of Section 1) 
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is nothing but the glueing of the lex embedding R- Set, and that it is equipped with 
two lex functors and a natural transformation 
R -Set 
which constitute a diagram in the 2-category LEX, which is universal among all other 
such diagrams in LEX. We leave to the reader the precise formulation of the universal 
property. We only recall that given a diagram in LEX 
R -Set 
the lex functor Set/R I, 8, which proves the universal property is essentially defined 
as follows: given an object 
X 
P I 
I 
of Set/R, the value t(p) is given by the pullback of k(p) along the Zth component pLI of 
,u. The essential uniqueness oft is due to the fact that in Set/R every object p as above 
can be obtained by pulling back the canonical map c(X)%(I) 
P 
X-l 
I I 
*-* 
along vr. Now, to explain the universal property of 9, let us first observe that the 
whole universal diagram above lives in the 2-category LEXo of left exact categories 
with an initial object and lex jiinctors preserving initial objects, except for the functor c. 
Of course we can slightly change the definition of c by defining it on the initial object 
0 as the initial object lo of Set/R, so that the whole diagram now lives in LEXo; but 
then the universal property is lost, since there is an object, namely, 
0 
I 
* 
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which cannot be obtained as a pullback in the way described above. The solution is 
clearly to restrict at the full subcategory P of Set/R: one can now easily check that the 
diagram 
R -----+ Set 
lives in LEX,, and there enjoys the appropriate universal property. 
Summing up, the facts that the effective topos .?A? is the exact completion of F, that 
the exact completion of a lex category with an initial object still has it, and that 9 has 
the universal property explained above, tell us the universal property of the efective 
topos C2’: 
there is a diagram in LEXo 
R =-----+ Set 
such that .B! is an exact category, and such that for all other diagrams in LEX, 
R - Set 
where 8 is an exact category, there is a (essentially) unique exact functor BA&, which 
preserves the initial object, such that the composites td and tc are naturally 
isomorphic to h and k, respectively, and tv = p. 
9. Small and complete categories 
We are looking for an example of a full subcategory of Set which is small and 
reflective, hence complete as Set is, and which is not posetal. We know that there are 
no such, by Freyd’s well-known argument, the only small reflective full subcategory 
closed under subobjects being the poset 2. To find such an example is another 
“universe”, say a topos %, we first need a dejinition of what it should mean for 
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a reflective full subcategory’ 
710 
of a topos % to be “small and complete” relative to the universe G2. The smallness 
condition being obvious, what we really need is a precise definition of what complete 
means. Clearly, the first definition we should look for is that of afamily of objects of 
9 indexed by an object of $2, so that we can then say that for any such a family the 
product exists in 23. In other words, we should be able to say, only in terms of the 
given adjunction, what is meant by a map 
Y 
I M 
X 
in 92 whoseJibers are in 9, so that it can be thought as an X-indexedfamily of objects of 
9. In view of the examples discussed in [4], we propose the following: 
Definition 9.1. A map m is called a “g-discrete map”, or simply a “discrete map” when 
9 is understood, when the map 
<m,vlr): Y -xx 7coY 
is manic. We will denote by &’ the class of discrete maps and by 9’ the full 
subcategory of ‘B/X determined by discrete maps of codomain X. 
The fact that this definition provides a notion of an X-indexedfamily of objects of 9, 
should follow from the following lemma, which only requires @ to be a lex category. 
Lemma 9.1.(i) A? is stable under the pullbacks which exist: ifm is in A and if u is any 
map for which a pullback of m along a exists, then any map obtained by pulling back 
m along ci is in A?‘; 
(ii) every monomorphism is in A’; 
(iii) J&! is closed under composition; 
(iv) if a composite nm is in A!, so is m; 
(v) tf the values of no are subobjects of 1, then every discrete map is mono; 
(vi) f the units n are mono, then JZ = a2. 
The proof being an easy exercise, only observe that when 9 is closed under 
subobjects, then the first property implies that a map in J%Z has the property that each 
‘We will always assume that a full subcategory is also replete. 
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jiber is in 9: if the pullback 
Y,- Y 
! I I m x 
1-x 
gives the fiber of m over x, then stability under pullbacks of discrete maps implies that 
(!, qy,) is mono, hence ny, is mono, and fullness of subobjects implies that Y, is in 9. 
So we can think of a map in A as a map whosejibers are discrete. But the question is 
now how do we know that discrete maps are all the maps with discrete jbers? In the 
examples discussed in [4] they are not all, but it is shown that the maps which locally 
are discrete constitute all maps with discrete fibers. So we need to further investigate 
the notion of a map with discrete fibers, hoping that under reasonable conditions they 
can all be obtained from the discrete maps. 
The stability property of discrete maps under pullbacks can also be expressed by 
saying that the full subcategories 
gx U%/X 
constitute an indexed subcategory of %, or a subjbration off%‘, which we will call the 
jibration of g-discrete maps, and the previous remark can be stated by saying that 
when 9 is closed under subojects, then 9 N 9i. The point is now that, when %! is 
a regular category, then the class A of discrete maps is part of a factorization system 
(&,A) on $2, so that, each full subcategory 9’ =+ %!/X is in fact rejective 
the reflection n;(S) of a map f: Y -+ X being the map m obtained by factorizing 
Y =Xxdq,Y 
\/ 
e (m,t> 
I 
into a regular epi e and a mono (m, t). The proof that we get in this way a factoriz- 
ation system through discrete maps, as well as the fact that the class d of maps 
orthogonal to the discrete maps is given by the regular epis e such that rcOe is invertible 
(“connected maps”), can be found in [4], but certainly also follows from well known 
papers on the subject of factorization systems, notably Ref. [6]. (See in particular 
Proposition 5.5). What one really would like to stress here is only the role of this 
factorization system as being one appropriate to the subject of “(small) and complete” 
full subcategories; for: 
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Lemma 9.2. Let 42 be a regular category: then 
(i) the adjoints 7~: 
are “indexed” if and only if connected maps are pullback-stable, i.e. the factorization is 
stable; 
(ii) pullb ac k- t b 1’ f s a i tty o connected maps implies that thejbration 9F’ is a stack, as it 
isfor thefibration corresponding to any stable factorization system (8, A?) for which the 
maps in 8 are regular epis; 
(iii) the jbration 9(-) is as complete as % if and only if connected maps are 
pullback-stable: if42 has the rI operators, right adjoints to the pullback operators (42 is 
locally Cartesian closed), then they restrict to ga” if and only if connected maps are 
pullback-stable. 
What we learn from this lemma, whose proof is an exercise in category theory, is 
that when 9 is a full reflective subcategory of an internally complete ( = locally 
Cartesian closed) regular category 92, which is also closed under subobjects, then 9 is 
complete, in the sense that it is “closed under internal product in 42” if and only if 
connected maps are pullback-stable, and is small and complete when of course the 
fibration of discrete maps is also representable by a category object in a. Observe that 
when & is a regular category and j is a Grothendieck topology on %%, then the 
fibration of the discrete maps associated to the reflection 
of separated objects is always complete (see [4]), but is almost never small; when j is 
the constant opology, then the fibration of discrete maps is equivalent o thefibration 
of subobjects, which is small precisely when %! has a subobject classifier. What we 
really are trying to find is an example of a full and closed under subobjects sub- 
category of 92 which has the same completeness and smallness properties as the 
subcategory of subobjects of 1, but which is not a poset. 
The point is now that there are strong evidences, which we will list below, indicating 
that the proposed definition of a small, complete full and closed under subobjects 
subcategory is not suitable, and needs to be generalized: 
0 When 92 is a topos, if the factorization is stable and representable then 52 cannot be 
discrete; more generally, the same is true for any object in which 52 embeds. For, 
when connected maps are pullback-stable, then x0 preserves products (see [4]), so 
that 9 is an exponential oariety, hence in particular in Cartesian closed; the fact that 
the fibration of discrete maps is representable implies at least the existence of 
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a generic family of objects of 9 
FO 
Yo 
DO 
in %, which is discrete and which is such that any object D of 9 can be obtained by 
pulling back g,, along a unique element 1 AD. So, since QFO is in 9, we get in this 
way a manic Q F” =+ F, which by constructive versions of Russell paradox implies 
that the topos is degenerate.* 
Of course, the fact that objects in which St embeds cannot be discrete does not imply 
that they are connected, but in many examples they are;3 when they are and when 
connected maps are pullback stable, then 9 must be P(1); for, “2 is an injective and 
when injectives are connected, then also mapT: 2 + ? is connected; since the square 
2-2 
is a pullback, then also 2 is connected.4 Now, 1 is discrete, since 9 is closed under 
subobjects; since 7~~2 is 1, this means that in the category 9, we get 2 isomorphic to 
1, which in any Cartesian closed category with finite sums implies that the category 
is a poset. 
The previous arguments hows that not all connected maps should be stable under 
pullbacks, typically the map ?! + 1, if we are looking for a non-posetal example. So 
we need to have a larger class of discrete maps, so that when they constitute the 
.4! part of a factorization system, then the Q part has fewer connected maps in it. On 
the other hand, when all connected maps are stable, then the discrete maps are 
a “stack”, which in particular means that if a map is “locally discrete”, then it was 
already discrete. All these considerations lead to the following definitions: 
Definition 9.2. A map 
Y 
I 1 
X 
2This argument is essentially in the introduction of [9]. 
31 tried to have some general conditions under which such objects are connected, but I could not find any 
reasonable one yet. Still, I believe that the full power of the smallness condition should imply that they are 
connected. 
41 am endebted to Pino Rosolini for this argument. 
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is called “light” when it is “locally discrete”, i.e. when there exists a regular 
epi U* X such that the map obtained by pulling back 1 along p is discrete. 
Clearly, when % is a regular category, the light maps still are stable under pullbacks 
and satisfy properties (i) and (ii) of Lemma 9.1; light maps therefore constitute a full 
subfibration of the canonical fibration, which we will denote by 
Definition 9.3. A full and closed under subobjects reflective subcategory 
of a locally Cartesian closed regular category “%! is “complete” when the fibration of 
light maps is indexed reflective, and is “small and complete” when moreover this 
fibration is representable. 
As for the precise relationships between the fibration of light maps being a “stack” 
and being part of a stable factorization system, the reader may consult [4], where this 
matter is fully investigated. 
The “closed under subobjects” requirement needs some comments, other than the 
fact that the examples we have in mind do satisfy this condition. Let us simply start 
with an adjunction 
with the only property that % has a terminal object 1. An object C of 62 is connected if 
rr& 21 ~1; observe that connected objects are characterized by the property that the 
only maps into an object of the form dX are the constants: 
@(l,dX) N g(rcJ,X) 5 g(noC,X) = @(Cd-X) 
and, conversely, if C has the property that %( 1, dX) N @(C, dX), for all X in 53, then 
53(rc&,X) N @(C,dX) N %(l,dX) N ~S(ZJ,X) 
so that, by Yoneda, C is connected. Hence we can say that any given adjunction 
“preceives” that the objects of 53 are all discrete. Following this intuition, when 63 is 
a full subcategory to be thought as a full subcategory of discrete objects, since a virtue 
of discrete objects is to be closed under subobjects, we should require that 9 is closed 
under subobjects. From this point of view, Bob Pare pointed out another reason why 
g-discrete maps X- Y should be thought as Y-indexedfamilies of objects of 9: since 
% “preceives” that the objects of 2 are discrete objects, and a virtue of discrete objects 
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is to be closed under subobjects, the minimum we should require of a fibration 
extending the given full subcategory for it to be thought of as theJibration offamilies of 
discrete objects is that it should be closed under subobjects; and in fact one can easily 
check that the fibration 58’ if the smallest full su@ibration of a/(-) closed under 
subobjects and such that a1 contains 9. On the other hand, when @ is a regular 
category, if 9 is not necessarily closed under subobjects (recall that in this case the 
fullness on subobjects is equivalent o the units of the adjunction being regular epi), then 
9’ is not necessarily equivalent to 9, but is closed under subobjects and the 
adjunction 
determines the same class of discrete maps. The previous discussion shows that when 
% is a regular category, then the maps orthogonal to the internal families of discrete 
objects are precisely the regular epis inverted by x0, and are therefore called “connec- 
ted” maps because of this formal reason. However to call them connected is quite 
unsatisfactory, since they are not necessarily stable under pullbacks, hence they might 
not have connected fibers, as the example of 2 + i shows for toposes when looking at 
small and complete full subcategories, or the projection of the circle onto the interval 
shows in Topology. The name connected should be given only to those connected 
maps which are stable under pullbacks, which however are called “monotone” for 
historical reasons (see [4]). As we will see in the next section, in good examples 
monotone maps are characterized as the orthogonal (in the sense of factorization 
systems) to the light ones. 
Certainly the theory of a “small and complete, full and closed under subobjects 
subcategory” we are proposing in this paper needs to be developed as an abstract 
theory, and some of the features have already begun to be investigated, as I recently 
noticed reading Ref. [lo]. Having now a precise definition we can begin looking for 
non-posetal examples, if any. 
10. Discrete objects 
Looking for examples of small and complete full subcategories of a topos which are 
not posetal, choosing as our universe % the effective topos (g)ex,lex = 93, the first 
attempt should be to look at the image under the 2-functor (-)+iex of the lex 
embedding R w F 
R ex/ lex - W)ex,lex 
of the category R of subsets of N and functions induced by partial recursive functions 
between them. So 9 = Rexllex app ears as a full subcategory of the topos (zF-)~~,~~~ = 9, 
which is also closed under subobjects (the checking requires some efforts) so that we 
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need to show that it is reflective. Since R is reflective in 9 
the obvious candidate for the reflection on 9 is the exact completion of the reflection 
onto R of 9, provided it is a lexfunctor; but from the construction of limits in 9, one 
can easily see that this reflection is not a lexfunctor. However, in spite of this fact, the 
gift is now that: 
Lemma 10.1. (i) RexiIex is rejective in (~)ex,lex; 
(9 WIRLi lex is not a topos, and the reflection of R,,,,,, in (5)ex,lex is not lex. 
Proof. (i) Given an object 
X 
4 
14X0 
4 
Pl 
I I 
PO 
II -+r, 
of ($Qxllex, the top pair of arrows is certainly a pseudo-equivalence r lation in Set, but 
the bottom pair need not to be, due to the description of finite limits in 5; the bottom 
pair 
is only a reflexive graph equipped with a symmetry in R, the category of countable 
subsets of N and partial recursive functions between them. The point is now that using 
the existence of a recursive enumeration of finite words of natural numbers, we can 
still show that the construction of the countable set 1: of composable arrows of I 1 is 
available in R; hence define the reflection as the graph 
6* 
IT 3 10 
1 
which is clearly a pseudo-equivalence r lation in R. The universal property is now 
immediate. 
(ii) (SeW),,i,,, cannot be a topos: if it were, then also R,,,,,, would be a topos, 
because the embedding R L, Set/R has a left exact left adjoint, and hence the exact 
completion of the embedding will exhibit R,,,,,, as a localization of a topos. But R,,,,,, 
cannot be a topos, since it is a locally countable category and the set of subobjects of 
some object, e.g. the natural number object N, is uncountable, since it is the order 
reflection of the comma category R/N (see the end of Section 2), which is PN. 
Finally, observe that the same argument shows that the reflection of R,+, in 
(~9),~,,~~ cannot be lex, since (9))ex,lex is a topos. 0 
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Having now two reflective, full suncategories 9 = Rexjlex and B7, = (2Qg,rex of 
8 = W)ex,lelt, we can consider their intersection g7,, which can be equivalently 
described as the category of subquotients of N and functions induced by partial 
recursive functions between them. The category g7, is also called “Per” in the 
literature, and the objects are called “Modest Sets”. Notice that g7, is reJlectiue in 28, 
the reflector being the coequalizer, i.e. the restriction of the reflection of &, in 3. 
Thus 527, is also reflective in .%&, hence in 2’. 
A bit surprising is the fact that if instead of the exact completion, we apply the 
regular completion to the lex embedding R - 9, then the result does not give any 
longer a reflective subcategory; in other words, Rregllex is a full subcategory of g_, 
but is not reflective there. 
Summing up, we have three full subcategories of .G%?‘; two of them are reflective and 
closed under subobjects, and two are alsopee categories over R, the only one enjoying 
both properties being 9: 
R reg,,ex - %,tg = R,,,,,,La. 
Since the two reflective subcategories ST7 and 9 of &? are of course not posetal, 
and since one can show that ?! is connected, and argument of Section 9 shows that the 
corresponding fibrations of discrete maps cannot be complete. Hence we are forced to 
look at the two fibrations of light maps, and the question is now to show that these 
fibrations are complete in the sense of the Definition 9.3. Fortunately, since 6% is an 
exact category with enough projectives, we are in the situation in which we know 
a necessary and sufJicient condition for the fibration of the light maps to be indexed 
reflective, equivalently for the existence of the monotone-light factorization, namely: 
Condition P. For every map with a projective codomain the connected part of the 
connected-discrete factorization is in fact monotone. 
The proof of such a theorem being in [4], we only need to show that this condition 
is satisfied by the reflections of g7, and 9 in 9, which is a tedious but straightfor- 
ward checking. 
The last question which remains to examine is that of representability of fibrations 
of the light maps associated to the two reflective subcategories G& ans 22 of 2, 
a question which we will leave open for the time being, but which we tend to believe 
has a positive answer. 
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